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Glass fragments are known to transfer to the clothing of a 
person breaking a window. These fragments may be used as 
evidence, associating the breaker to the crime. Recent work 
in the characterization of glass evidence by its elemental 
composition has required a framework for the evaluation of 
this data. Traditional treatment of the data involves 
determining the mean concentration and the standard 
deviation for each element and then comparing the means 
using a '3 sigma rule' and testing the match criteria with a 
strict range overlap for each of the elements. This paper will 
demonstrate a statistical test that has advantages over the 
'3 sigma rule' approach. 

I1 est connu que des fragments de verre sont transfkrts sur 
les habits d'une personne qui casse une vitre. Ces fragments 
peuvent Ctre utilisCs comme indices associant le casseur au 
crime. Des travaux rCcents sur la caracttrisation de l'indice 
verre par sa composition ClCmentaire a nCcessitC la mise en 
place d'une structure pour 1'Cvaluation de ces donnkes. Le 
traitement traditionnel veut que l'on dCtermine la 
concentration moyenne et l'tcart-type de chaque ClCment et 
que l'on compare ensuite ces moyennes en utilisant une 
r8gle de '3 sigma' et que l'on teste la correspondance par 
une superposition stricte des domaines pour chacun des 
ClCments. Cet article dCmontre un test statistique qui 
prksente des avantages sur l'approche faisant appel 2 la 
r6gle des '3 sigma'. 

Es ist bekannt, dal3 beim Einschlagen von Fensterscheiben 
Glassplitter auf die Kleidung ubertragen werden. Diese 
Splitter konnen als Beweismittel benutzt werden, um die 
betreffende Person mit der Tat in Verbindung zu bringen. 
Bisher erforderte die Charakterisierung von Glasspuren 
anhand ihrer Elementzusammensetzung eine bestimmte 
Vorgehensweise bei der Datenauswertung. Ublicherweise 
beinhaltet die Bearbeitung der Daten die Bestimmung der 
mittleren Konzentration jedes Elements und deren 
Standardabweichung. Danach werden die Mittelwerte 
mittels der 3 Sigma-Regel verglichen und die 
Vergleichskriterien mit streng definierten Grenzen fiir jedes 
Element gepriift. Die Arbeit stellt einen statistischen Test 
vor, der gegenuber der Anwendung der 3 Sigma-Regel 
vorteilhafter ist. 

Se sabe que 10s fragmentos de vidrio se transfieren a la ropa 
de una persona que rompe un cristal. Estos fragmentos se 
pueden usar como evidencia, asociando a la persona que lo 
rompe con el crimen. Los trabajos recientes en la 
caracterizacidn de esta evidencia de vidrio por su 
composicidn elemental, requieren un marco para la 
evaluaci6n de 10s datos. El tratamiento tradicional de 10s 
datos incluye la determinacidn de la concentracidn media y 
la desviaci6n standard para cada elemento, la comparacidn 
de medias usando una regla de 3 sigma y chequear 10s 
criterios de correlacidn con un rango estricto de 
solapamiento para cada uno de 10s elementos. Este trabajo 
demostraria que un test estadistico tiene ventajas sobre el 
enfoque de la regla de 3 sigma. 
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Introduction Mass Spectrometry (ICPIMS) or Inductively Coupled 
Glass evidence is considered to have a great potential for Plasma Atomic Emission Spectrometry (ICPIAES). The 
associating a person who has recently broken a glass win- range of concentrations measured are from the low percent 
dow or container to the source of the glass. The transfer and to the low parts per million, depending on the element. The 
persistence of glass fragments has been described by sever- mean and the standard deviation are calculated for each ele- 
a1 workers [I-61 and the understanding of these mecha- mental concentration in both samples. The standard treat- 
nisms has led to a better evaluation of the glass evidence. ment of the data has been to compare the intervals defined 

The analysis of glass evidence consists of comparing the 
physical and chemical properties of a fragment retrieved 
from a suspect to a possible source of the glass and then 
assessing th'e value of that association. In the case where the 
fragments are sufficiently large, coincidental edges may be 
found or density, colour and thickness comparisons can be 
attempted. The typical glass transfer case, however, pro- 
duces very small recovered fragments and the only analyses 
usually performed are refractive index (RI) and elemental 
composition comparisons. 

Since the introduction of the float process for the manufac- 
ture of flat glass by Pilkington in the 1950s, the quality of 
flat glass has improved. Along with the improved manufac- 
turing methods and optimization of formulations, the range 
of variation for RI over the most common flat glass has 
become more narrow. An example of this improved manu- 
facturing are observations from glass plants (float and con- 
tainer) where the RI of the glass product is found to be 
indistinguishable over a period of a year or more [7,8]. 

Workers have found that elemental composition compar- 
isons add discrimination potential to distinguish between 
glass fragments when RI does not [9-111. The elements of 
interest are the minor and trace elements: Aluminium (Al), 
Iron (Fe), Magnesium (Mg), Manganese (Mn), Strontium 
(Sr), Zirconium (Zr), Calcium (Ca), Barium (Ba) and 
Titanium (Ti). Preliminary work on small data sets shows 
that trace elements, such as Sr and Zr, are present in the low 
part per million range and have little or no observable cor- 
relation between the other elements [7,11]. These properties 
make them very good discriminating 'probes'. 

Traditional treatment of the data involves determining the 
mean concentration and the standard deviation for each ele- 
ment and then comparing the means using a '3 sigma rule' 
and testing the match criteria to determine if the ranges 
overlap for all of the elements. If any of the elements fail 
this test, then the fragments are considered not to match. 

by adding and subtracting three times the standard error (or 
three times sigma) of an element concentration to the mean 
concentration for the control and recovered samples respec- 
tively. If the intervals overlap for every discriminating ele- 
ment then samples are said to match. However, if any one 
interval does not overlap then the samples are said to not 
match. 

This approach has two problems. The first is the problem of 
multiple comparisons. The '3 sigma' rule has an approxi- 
mate false rejection rate of p percent, i.e. on average in one 
hundred tests the scientist will say the mean concentrations 
are different when in fact they are the same p times. This 
false rejection rate is much higher when small numbers of 
fragments are being compared. Each comparison for each 
element has the same rate of false rejection, however the 
overall rate is much larger, even if the elemental concentra- 
tions are independent. Consider the following: I have an 
extremely biased coin, with the probability of getting a tail 
equal to Pr(T) = p = 0.01. The outcome of each coin toss is 
independent of any previous toss. If the number of tosses, n, 
is fixed and X is the random variable that records the num- 
ber of tails observed, then X is binomially distributed with 
parameters n, and p. This experiment is analogous to mak- 
ing pairwise comparisons on n element concentrations. If 
n = 10 and the probability of a false rejection on one ele- 
ment is 0.01, then the probability that a t  least one false 
rejection will be made is 0.096 or 9.6%, so the overall false 
rejection rate is nearly ten times higher than the desired rate. 
In general if the false rejection rate, or size, of a procedure 
is a for a single comparison, and n comparisons are per- 
formed in total, then the overall size is approximately n x a. 
A simple solution is to increase this width of the intervals so 
that the size of the individual comparison is g .  This is 
known as the Bonferroni correction and its immediate 
drawback is obvious - as n, the number of elements, 
increases it becomes almost impossible to detect any differ- 
ence between the two means. 

The second problem with the '3 sigma' approach is that it 
This paper will demonstrate a statistical test that has advan- 

fails to take into account any estimated correlation between 
tages over the '3 sigma rule' approach. 

the elements. That is, the estimated concentration of one 
The multiple comparison problem element will be associated with the estimated concentration 
The elemental composition of each fragment in the control of another element. Failure to include this information 
and recovered samples is determined using either Scanning results in severe underestimation of any joint probability 
Electron Microscope Energy Dispersive X-ray calculation. 
Fluorescence (SEMIEDAX), Wavelength Dispersive X-ray 

The solution to both these problems is the multivariate 
Fluorescence (WDIXRF), Inductively Coupled Plasma 

analogue to Student's t-test. 
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Hotelling's T Z  - a method for comparing two 
multivariate mean vectors 
Student's t-test, and Welch's modification have been used 
and discussed extensively in the treatment of refractive 
index measurements [12,13]. Comparison of glass samples 
with respect to refractive indices involves examining the 
standardised distance between the two sample means. 
Hotelling's T 2  (named after Harold Hotelling, the first sta- 
tistician to obtain the distribution of the T 2  statistics) is a 
multivariate analogue of the t-test, that examines the stan- 
dardised squared distance between two points in n-dimen- 
sional space [14]. These two points, of course, are given by 
the estimated mean concentration of the discriminating ele- 
ments in both samples. The appendix gives the formulae for 

Examples 
The data in the following examples (Tables 1 and 2) come 
from two distinct sources, one brown bottle and one colour- 
less bottle removed from different process lines at the same 
plant at the same time. Ten fragments were taken from each 
bottle and the concentrations of aluminium, calcium, bari- 
um, iron and magnesium ( p  = 5) were determined by 
ICPIAES. 

The first example uses five fragments from the brown bot- 
tle as a control sample (n, = 5) and five fragments from the 
same bottle as a recovered sample (n, = 5) so that the pop- 
ulation means are truly equal. Hotelling's T 2  = 11.69 and 
F5,4 (0.01) = 15.52, SO 

constructing the Hotelling's T 2  statistic. Parker and Holford (5 + 5 - 2)5 
[15] discussed the use of Hotelling's T 2  as a method of T 2 =  llh9<< (5+5-5-1)  ~ ~ ~ ~ ( 0 . 0 1 )  = 1 0 ~ ~ , ~ ( 0 . 0 1 )  = 155.21. 

establishing whether or not two objects, each of which pos- 
sesses a number of different attributes, could have come In this example T 2  is comparatively small in relation to F. 
from a common source. The authors believe that this tech- This implies that there is no evidence to reject the null 

nology should be used with elemental composition data hypothesis, i.e. there is no evidence to suggest that the two 

from forensic glass evidence. samples come from different sources. 

Suppose that n, fragments have been recovered from the The second example takes the ten fragments from the 
suspect, and n, control fragments have been selected from a brown bottle as the control sample (n, = 10) and the ten 
crime scene sample, and that n, + n, > p  + 1, where p  is the fragments from the colourless bottle as the recovered sam- 
number of elements considered, then T  has a scaled ple (n, = lo), so the null hypothesis is false, i.e. the popula- 

F-distribution tion means are truly different. Hotelling's T 2  = 708.86 and 
F5,14(o.01) = 4.69, SO 

Use of the F-distribution depends on two assumptions about In this example is comparatively large in relation to F. 
the statistical distribution of the data. Firstly, both samples This implies there is very strong evidence to reject the null 
come from a multivariate normal distribution, and second- hypothesis, i.e. there is very strong evidence to suggest that 
ly, both populations have the same covariance structure, i.e. the two samples come from different sources. 
the spread of the elemental concentration is approximately 
the same in each [15]. Large values of T 2  are evidence Conclusions 
against the hypothesis of no difference between the two Hotelling's T 2  test for the difference in two mean vectors 
populations, i.e., evidence against a match [14]. provides a valid statistical method for the discrimination 

TABLE 1 Elemental concentration data for ten TABLE 2 Elemental concentration data for ten 
fragments from a brown bottle. 

- fragments from a colourless .- bottle. 

Fragment A1 Ca Ba 

1 0.929 7.666 0.022 
2 0.859 6.838 0.018 
3 0.845 5.943 0.018 
4 0.931 6.424 0.020 
5 0.915 6.205 0.020 
6 0.832 6.842 0.021 
7 0.835 6.916 0.020 
8 0.941 7.590 0.023 
9 0.917 7.574 0.023 
10 0.798 7.472 0.019 

Fragment 
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between two samples of glass based on elemental data. The 
user may decide whether or not to include a refractive index 
measurement comparison, but the test remains the same. 
The properties of the test are closer to the desired properties 
of the '3 sigma' rule than the rule itself. Hotelling's T 2  must 
be advocated in place of any algorithms based on the '3 
sigma' rule or modifications of it. 

In general, however, it would be desirable to abandon tests 
altogether and move towards a direct calculation of a likeli- 
hood ratio from continuous multivariate data. 

The authors realize that while calculation of the T 2  statistic 
is mathematically simple, it is computationally intensive. 
For that purpose a small validated software package that 
calculates T 2 ,  and also returns the relevant probability from 
the F-distribution has been provided. Versions are available 
for MS-DOS, MS-Windows and UNIX by email (or post) 
from the corresponding authors. 

Appendix [14] 
Suppose that xi = ~ X , ~ , . . . , X ~ , ] ~  are the elemental con- 
centrations of p elements on the ith control fragment, 
and yj = . . ,yj,,lT are the elemental concentrations of p 
elements on the jth recovered fragment. If n,. control frag- 
ments are to be compared with n,  recovered fragments, the 
matrices 

represent the measurements. The summary statistics are 
defined by the mean vectors 

1 " C  1 "r 

X= - E x i  and y =  - E y .  
n,. ; = I  nr j = l  J 

and the sample covariance matrices 

1 "' 1 "r 

Sx = - x ( x j  - x )(xj - .F)' and S y  = - xjyj - y  ) j Y j  - y )T 
n,-1 J = I  nr-1 ,=I 

respectively. An estimate of the common covariance 
matrix, C , is given by 

(n ,  - l ) s x  + (.,-I )s, 
Spooled = 

n , . + n , - 2  

Hotelling's T2 is then defined by 
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